Two (p, q)-Laplace transforms are introduced and their relative properties are stated and proved. Applications are made to solve some (p, q)-linear difference equations.
INTRODUCTION
The classical Laplace transform of a function f (t) is given by ( 
1.1)
L{f (t)}(s) =
and plays a fundamental role in pure and applied analysis, specially in solving differential equations. If a function of discrete variable f (t), t ∈ Z is considered, then the integral transform (1.1) reads
Equation (1.2) is referred to as Z-transform and plays similiar role in difference analysis as Laplace transform in continuous analysis, specially in solving difference equations.
In order to deal with q-difference equations, q-versions of the classical Laplace transform have been consecutively introduced in the literature. Studies of q-versions of Laplace transform go back to Hahn [?] . Abdi [1, 2, 3] published also many results in this domain.
The q-deformed algebras [15, 16] and their generalizations ((p, q)-deformed algebras) [6, 7, 9] attract much attention these last years. The main reason is that these topics stand for a meeting point of today's fast developing areas in mathematics and physics like the theory of quantum orthogonal polynomials and special functions, quantum groups, conformal field theories and statistics. From these works, many generalizations of special functions arise. There is a considerable list of references.
In this paper, we introduce two (p, q)-versions of the Laplace transform and provide some of their main properties. Next, some applications are done to solve some (p, q)-difference equations.
The paper is organised as follows:
1. In Section 2, we recall basic notations, definitions and prove some impo4r4tant properties that will help in the next sections. The (p, q)-number, the (p, q)-factorial, the (p, q)-power, the (p, q)-binomial, the (p, q)-derivative, the (p, q)-integral, the (p, q)-exponentials, the (p, q)-trigonometric functions are successively introduced and some of their important properties are provided.
2. In Section 3, we introduce the (p, q)-Laplace transforms of first and of second kind. Their main properties are studied and the transforms of many fundemental functions are computed.
3. In Section 4, some applications of the Laplace transform of first kind are made. The same method can be used with the Laplace transform of second kind. The (p, q)-oscillator is introduced and solved using the Laplace transform of first kind.
4. In Section 5, we give a conclusion and indicate further possible directions that could be investigated to complete the following work.
BASIC DEFINITIONS AND MISCELLANEOUS RESULTS

2.1
Let us introduce the following notation (see [10] , [11] , [13] )
for any positive integer. The twin-basic number is a natural generalization of the q-number, that is
The (p, q)-factorial is defined by ( [11, 13] )
Let us introduce also the so-called (p, q)-binomial coefficients
Note that as p → 1, the (p, q)-binomial coefficients reduce to the q-binomial coefficients. It is clear by definition that
Let us introduce also the so-called the (p, q)-powers [13] (x ⊖ a)
These definitions are extended to
where the convergence is required.
The (p, q)-derivative and the (p, q)-integral
Definition 2.1.
[13] Let f be an arbitrary function and a be a real number, then
Let f be a function defined on the set of the complex numbers. Definition 2.3. The (p, q)-derivative of the function f is defined as
Proposition 2.1. The (p, q)-derivative fulfils the following product and quotient rules
Proposition 2.2. Let n be an integer n ≥ 0, then the following formula applies
Proof. The relation is obvious for n = 0. Let n ≥ 1, assume that (2.5) holds true. Then
The proof is then complete.
The next proposition generalizes (2.5).
Proposition 2.3. a is a non zero complex number. Then
.
Proof. The proof follows easily by induction.
Note that for a = 1 and b = 0, (2.6) reduces to (2.5).
exists in a neighbourhood of x = 0 and is continuous at x = 0, where f ′ (x) denotes the ordinary derivative of f (x), we have
Proposition 2.5. [13] Suppose that f (x) and g(x) are two functions whose ordinary derivatives exist in a neighbourhood of x = 0. a and b are two real numbers such that a < b, then
The (p, q)-hypergeometric functions
Here, we give a natural generalization of the q-hypergeometric series ( [8] )
Theorem 2.6 (Compare to [10] ). Let a, b be two complex numbers, then we have the following
It follows from the qbinomial theorem (see [8] ) that
The following corollary also appears in [10] .
Corollary 2.7. a, b and c are three complex numbers. Then
(p, q)-exponential and (p, q)-trigonometric functions
As in the q-case, there are many definitions of the (p, q)-exponential function. The following two (p, q)-analogues of the exponential function (see [10] ) will be frequently used throughout this paper:
From the (p, q)-binomial theorem (2.9) and the definitions (2.10) and (2.11) of the (p, q)-exponential functions, it is easy to see that
The next two propositions give the n-th derivative of the (p, q)-exponential functions. These formulas are very important for the computations the (p, q)-Laplace transforms of some functions in the next sections.
Proposition 2.6. Let λ be a complex number, then the following relations hold
Proof. The proof follows from the definitions of the (p, q)-exponentials and the (p, q)-derivative.
Proposition 2.7. Let n be a nonnegative integer, then the following equations hold
Proof. The proof follows by induction from the definitions of the (p, q)-exponentials and the (p, q)-derivative.
From (2.10) we can derive
By (2.15), we define the (p, q)-cosine and the (p, q)-sine functions as follows:
Analogously, from (2.11) we can derive
And by (2.15), we define the big (p, q)-cosine and the big (p, q)-sine functions as follows:
It is easy to see that cos p,q (z) = Cos q,p (z) and sin p,q (z) = Sin q,p (z).
Clearly,
Proposition 2.8. The following equations hold
Proof. The proof follows from (2.12).
Let us now define the hyperbolic (p, q)-cosine and the hyperbolic (p, q)-sine functions as follows
Proposition 2.9. The following equations hold
(p, q)-Gamma function
Definition 2.8. [14] Let x be a complex number, we define the (p, q)-Gamma function as
Proposition 2.10.
[14] The (p, q)-Gamma function fulfils the following fundemental relation
Remark 2.9. If n is a nonnegative integer, it follows from (2.26) that
It can be also easyly seen from the definition that
Very recently, a (p, q)-integral representation of the (p, q)-Gamma function was given in [5] when the argument is a nonnegative integer as follows
Note that in this definition, there is maybe a mistake, the factor p (n−1)(n−2) 2 should be replaced by p n(n−1) 2 so we can clearly get Γ p,q (n + 1) = [n] p,q Γ p,q (n). Relation (2.27) enables to prove (2.26) again using the formula of the (p, q)-integration by part (2.7). Now, we propose another definition of the (p, q)-Gamma function which will be frequently use throughout the text. Definition 2.10. For 0 < q < p, we define a (p, q)-Gamma function by
Proposition 2.11. Let z be a complex number such that Γ p,q (z + 1) and Γ p,q (z) exist, then
Proof. Using equation (2.28) and the (p, q)-integration by part (2.7), we have:
TWO (P, Q)-LAPLACE TRANSFORMS
3.6 The (p, q)-Laplace transform of the first kind Definition 3.11. For a given function f (t), we define its (p, q)-Laplace transform of the first kind as the function
Proposition 3.12. For any two complex numbers α and β, we have L p,q {αf (t) + βg(t)} = αL p,q {f (t)} + βL p,q {g(t)}.
Proof. The proof follows by (3.30) .
In what follows, we give some examples. From (3.30), we note that:
Proposition 3.13. Let α be a non zero complex number, then
Theorem 3.12 (Scaling). Let a be a non zero complex number, then the following formula applies
Proof. Using the definition and Proposition 3.13, we have
Theorem 3.13. For α > −1, we have the following
Proof. We have
The following theorem is a particular case of Theorem (3.13) when α = n is a nonnegative integer.
Theorem 3.14. Let n ∈ N, then for s > 0, we have
Proof. We provide a proof by induction for this result. The result is obvious for n = 0. Assume that it holds true for some nonnegative integer n, then using the (p, q)-integration by part (2.7), we have
This proves the assertion.
Next, we give explicit formulas for the transform of the (p, q)-exponential and the (p, q)-trigonometric functions.
Theorem 3.15. Let a be a real number, then
Proof. Using (2.10), (2.11) and (3.34), we have
The following relations apply
Proof. Using equations (2.16), (2.17) and (3.30), we have:
Remark 3.17. Note that one could also use (3.35), (2.16) and (2.17) to obtain the result.
Theorem 3.18. The following equations apply
Proof. Using (3.30), (2.21) and (2.22) we have
Next, f being a function, we provide some properties related to the (p, q)-derivative of the (p, q)-Laplace transform of f and the (p, q)-Laplace transform of the (p, q)-derivative of f . Let us introduce the following notation which makes clear the relative variable on which the (p, q)-derivative is applied:
Theorem 3.19 ((p, q)-derivative of transforms).
For n ∈ N, we have
Proof. The result is obvious for n = 0. Let n ≥ 1, we have
Using equation (2.14), it follows that
The proof is then completed.
Note that (3.34) can be obtained using Theorem 3.19. Of course, taking f (t) = 1 in (3.37) and using (2.5), we have F (s) = 1 s and
Corollary 3.20. The following equation applies:
Proof. The proof follows from (2.6) and (3.37).
Theorem 3.21 (Transform of the (p, q)-derivative).
The following transform rule applies.
Proof. Let f be a functions for which the (p, q)-Laplace transform exists. Then, for n = 1,
Let n ≥ 1, assume (3.38) holds true. Then, applying the result for n = 1 with D n p,q f (t), we have
This completes the proof.
As a direct application, observe that taking f (t) = t n in (3.38), we have
Replacing s by sp n , we then have
The (p, q)-Laplace transform of second kind
Whereas in the previous sections we introduce the (p, q)-Laplace transform of the first kind and prove some of its important properties, in this section, we introduce the (p, q)-Laplace transform of the second kind. The main difference is at the level of the (p, q)-exponential used in the definition. The motivation of the next definition comes from the fact that when we transform the big (p, q)-exponential, the result remains in term of a series which we cannot simplify.
Let first introduce the (p, q)-Gamma function of the second king which will be useful. Proposition 3.14. The (p, q)-Gamma function fulfils the following fundemental relation
moreover, for any non negative integer n > 0, the following relation holds
Proof. Let z be a complex number such that ℜ(z) > 0, then we have
Definition 3.23. For a given function f (t), we define its (p, q)-Laplace transform of the first kind as the function
Proposition 3.15 (Linearity). By (3.42), we have L p,q {αf (t) + βg(t)} = αL p,q {f (t)} + βL p,q {g(t)}.
Proposition 3.16. For any real number α > −1, we have
Proof. By definition, one has
Proposition 3.17. For n ∈ N, we have have
Proof. Clearly, we have for n = 0
Next, for n > 0, we have
The proof then follows by induction.
Proposition 3.18. The following equation holds
Corollary 3.24. The following equations hold
Proof. The proof follows from the definitions (2.19), (2.20) and equation (3.45).
Corollary 3.25. The following equations hold
Proof. The proof is similar to the proof of Corollary 3.24.
Next, f being a function, we provide some properties related to the (p, q)-derivative of the (p, q)-Laplace transform of f and the (p, q)-Laplace transform of the (p, q)-derivative of f . For n ∈ N, we have
Using equation (2.13), it follows that
Note that (3.34) can be obtained using Theorem 3.26. Of course, taking f (t) = 1 in (3.46) and using (2.5), we have F (s) = 1 s and
Corollary 3.27. The following equation applies:
[n] p,q ! (q n+1 s − ap n )(q n ps − ap n ) · · · (q 2 p n−1 s − ap n )(pq n s − ap n ) = q n+1 p ( .
Proof. The proof follows from (2.6) and (3.46). So the relation is true for n = 1. Let n ≥ 1, assume that (3.47) holds true, then using the case n = 1, we can write The relation holds then true for each integer n ≥ 1.
We now have another possibility to comput L p,q {t n }(s) using (3.47). Of course, applying (3.47) to f (t) = t n , we have
Taking care that D n p,q t n = [n] p,q !, it follows that
Replacing s by sq n , it follows that
APPLICATION OF (P, Q)-LAPLACE TRANSFORM TO CERTAIN (P, Q)-DIFFERENCE EQUATIONS
As Laplace transform and Z-transform are largely applied in solving differential and difference equations respectively, and the q-Laplace transforms are applied to solve q-difference equations, the (p, q)-Laplace transforms are expected to play
